We consider downlink OFDMA in which users are imposed with different proportional-rate constraints, and a base station would like to maximise user rate over subcarrier assignment (SA) and power allocation (PA). To attain the objective, we propose a chunk-based SA and low-complexity PA algorithms. Numerical results show that the proposed SA and PA can provide higher average minimum achievable rate than the existing schemes while keeping the deviation from the rate constraint small for both single-cell and multi-cell systems with fractional frequency reuse.
I. INTRODUCTION
In orthogonal frequency division multiple access (OFDMA), mobile users can be dynamically assigned to transmit in different sets of subcarriers based on their channel qualities. An approach called rate adaptive allocation is commonly used to dynamically allocate resource to maximise a total throughput. To achieve this goal, only the user with the best channel quality is assigned subcarriers for data transmission. However, this results in an unfair assignment to other users.
Fair resource allocation was proposed in various work concerning both wireless and wireline channels. In [2] , Rhee and Cioffi proposed an algorithm that achieves proportionalrate fairness through maximising the minimum user's throughput. However, this approach is inapplicable to a system in which users have different requested rates. To address this issue, multiple-rate fairness. However, determining the solution to this nonlinear problem can be computationally complex. One way to reduce complexity is to assign subcarriers to users in a group or chunk of adjacent subcarriers in OFDMA networks [5] , [6] . Since the number of channel-filter taps is much lower than the number of total subcarriers, adjacent subcarriers are highly correlated. Therefore, if the subcarriers are appropriately grouped together and selected for users, the resulting achievable rate can approach that of a single-subcarrier-based resource allocation at a lower computational cost.
For this work (and our conference proceeding [1] ), we propose a chunk-based subcarrier assignment (SA) based on [2] and [3] . For a given subcarrier assignment, we propose a power allocation (PA) based on a low signal-to-noise ratio (SNR) approximation. With this approximation, the problem is linearized, and its solution can be easily obtained. The chunkbased allocation problem we consider here is significantly different from that in [5] , [6] which consider average BER (bit error rate) constraint instead of proportional-rate constraint. Since there is no equivalent chunk-based SA scheme existing in the literature, we modify the singlesubcarrier based scheme by [3] to assign subcarriers in chunk for the purpose of performance comparison. Numerical results show that our proposed allocation scheme improve the average minimum user's achievable rate over the modified scheme based on [3] in all SNR regimes.
The rate gain is larger when SNR is low.
We extend our work in [1] to multi-cell channels in which intercell interference can be significant. To mitigate the interference and improve cell-edge performance, intercell interference coordination (ICIC) such as frequency reuse planning is adopted to restrict resource allocation among different cells in the network [7] . By using a frequency reuse factor of 1 (FRF-1), high peak data rate can be achieved at a cost of high interference levels at the cell edges. On the contrary, by using a frequency reuse factor of more than 1 (or less than 1, depending on the notation), interference level can be reduced at a cost of a lower spectrum utilisation [8] . Fractional frequency reuse (FFR) is a promising ICIC technique for OFDMA network wherein cells are partitioned into regions with different FRF's [9] and is proposed for next-generation wireless systems [10] . We apply the proposed chunk-based SA with uniform PA in multi-cell setting with FFR and show that the resulting rate is larger than static SA by as much as 400%.
II. SINGLE-CELL RESOURCE ALLOCATION
First we consider a single-cell downlink OFDMA network, which consists of a base station and K mobile users. This model is applicable to a cellular network with a large frequencyJuly 24, 2017 DRAFT reuse factor, in which intercell interference is negligible. The channel between the base station and any user k is assumed to be frequency-selective fading with order ℓ k for which channelfilter taps are denoted by {h k,0 , h k,1 , ..., h k,ℓ k −1 }. Assuming N total subcarriers, the frequency response of user k on subcarrier n can be obtained by taking a discrete Fourier transform (DFT) of the channel impulse response as follows
For data transmission from the base station, each user is assigned chunk(s) of contiguous subcarriers. For 3GPP LTE-Advanced, the minimum subcarrier assignment unit is one resource block, which consists of 12 subcarriers. Each chunk of subcarriers is exclusively used by a single user; therefore, there is no interference from other users in the cell. Let M be the total number of subcarrier chunks, which is greater than or equal to the number of users (M ≥ K). Hence, each user will be assigned at least one chunk. The number of chunks
where L is a chunk size and remaining subcarriers will be appended to the last chunk.
The sum achievable rate for user k is given by
where ω k,m ∈ {0, 1} indicates whether user k is assigned to transmit in chunk m. Since only one user is assigned to transmit in each subcarrier chunk at any moment, for 1 ≤ m ≤ M,
Because the data signal in each subcarrier is only corrupted by additive white Gaussian noise with zero mean and variance σ 2 w , the achievable rate per subcarrier for user k in chunk m per subcarrier is given by
where p k,n is the transmission power allocated for user k in subcarrier n.
The objective of the proposed resource allocation is to maximise the sum achievable rate of all users over chunk assignment and power allocation, subject to total-power and proportionalrate constraints. Assuming that users can have different rate requirement, we let γ 1 : γ 2 :
· · · : γ K be a ratio of the requested rates of user 1 through user K. Thus, the optimisation problem can be stated as follows:
Finding the solution to this integer-nonlinear problem is prohibitively complex. Also, due to a strict fairness constraint in (10), solutions may not exist at all. To reduce complexity of the problem, we propose to find a suboptimal solution by breaking the problem into two subproblems. The first subproblem is SA in which uniform transmit power over all subcarriers is assumed. Then, with the specific sets of subcarrier assignment obtained from solving the first subproblem, PA is subsequently performed. From the numerical results, when the number of chunks is sufficiently large, a mere subcarrier assignment assuming uniform power can roughly satisfy the proportional-rate constraints
A. Subcarrier Assignment
For both SA's proposed by [2] and [3] , in the first iteration, subcarriers are sequentially assigned to the users based on channel gains. Thus, the subcarrier with the highest gain is assigned to the first user. This gives undue favour to the first user and as a result, the first user generally has the highest average rate whereas the last user generally has the lowest average rate. This discrepancy becomes more apparent with larger chunk size. Moreover, subcarrier assignment based only on absolute channel gain might not result in the largest sum throughput. To reduce the mentioned discrepancy, our proposed SA removes the serial assignment in the first iteration, and changes the assignment criterion from the achievable rate of a user to the normalised rate defined as a ratio between rate of a user and average rate of all users for that chunk. The normalised rate of user k in chunk m is given bȳ
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In the first iteration of the proposed algorithm, the base station registers the chunks with the highest normalised rate for each user k. To maximise the minimum user's rate, the registered chunk with the smallest normalised rate over its requested rate will be selected and assigned to the corresponding user. The user that has already been assigned a chunk will be removed from the assignment pool U. This step is repeated until all users are assigned one chunk each. The algorithm is stated in Algorithm 1. In subsequent iterations, all users are back in the assignment pool. In each iteration, the user with the smallest R k /γ k is assigned the chunk that maximises the normalised rate over all the remaining chunks. This step is iterated until all chunks are assigned. We denote the set of chunks assigned to user k by Θ k . Thus, Algorithm 1 gives nonoverlapping sets Θ 1 , Θ 2 , · · · , Θ K of which their union spans all chunks.
Let N k be the number of subcarriers assigned to user k. Therefore,
To determine the complexity of the proposed SA algorithm and compare with the algorithm proposed by [3] , we count the number of log-computations and the number of comparisons required in the algorithm. We note that finding the extremum of n entries requires at most n comparisons. Both the proposed SA algorithm and the algorithm by [3] needs to know the instantaneous rate of each subcarrier for each user and thus, requires KN log-computations.
For the proposed SA, there are 
Thus, the number of comparisons increases as O(N 2 ). For a moderate and large chunk size, N could be much greater than M and K and the algorithm in [3] will require much larger number of comparisons than our chunk-based algorithm.
B. Power Allocation
Given subcarrier allocation obtained by Algorithm 1, the problem in (5) is reduced to Algorithm 1 Subcarrier assignment (SA)
1: Set S = {1, 2, . . . , M} and U = {1, 2, . . . , K} where M ≥ K.
2: Set Θ k = ∅, ∀k ∈ U.
3: Set R k = 0, ∀k ∈ U.
4: FindR k,m , ∀k ∈ U and m ∈ S .
5: while U = ∅ do 6: for k ∈ U do Find
10:
11:
12: end while
14: while S = ∅ do 15:
19: end while
This PA for each subcarrier was solved by [3] . Since we will borrow some definitions from [3] , the solution by [3] will be briefly described first. For the subcarrier assignment of user k denoted by Ω k , each subcarrier is ordered by a ratio of its squared channel magnitude to the noise power
. The optimal power for user k is then computed by [3] 
and the total power allocated for user k is given by
where
To find the set of optimal total power allocated to all users {P T,k }, the following nonlinear system needs to be solved [3]
and
where for 2 ≤ k ≤ K,
Solving (19) and (20) can be complex and requires some numerical methods. To simplify the PA problem, we propose to linearize the nonlinear system and thus, reduce the complexity of the problem. We apply a low-SNR approximation and obtain a suboptimal but linear PA problem. This low-SNR approximation is well justified since power allotted for each subcarrier is usually small due to a large number of subcarriers. Per subsequent numerical examples, the proposed solution also performs well even for a moderate-SNR system.
The ratio between the actual and desired rates can be approximated as follows
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For (23), we assume low-SNR regime, i.e., P T /σ 2 w ≪ 1, and apply the approximation log 2 (1+ x) ≈ x log 2 (e) when x ≪ 1. With (23) and the proportional rate constraint
we obtain a linear system with K equations and K unknowns with the following matrix
. . .
The solution of the linear system (25) can be easily obtained as follows
We remark that the solution presented arises from the low-SNR approximation and sometimes may not be feasible, i.e., some powers are negative. To remedy this negative-power solution, we propose to allocate uniform power for the group of users with the smallest powers (including all users with negative power). The number of users in this group will be just large enough that their combined transmit power exceeds zero. All other users not in this group will be allocated power according to the solution in (29) and (30). The steps of the proposed power allocation are shown in Algorithm 2. If P T,k > 0 for all k, the proposed PA is straightforward. We note that if P T,k < V k , then according to (17) , p k,n < 0. To find a feasible solution, the subcarriers with smallest channel gains will be allocated zero
July 24, 2017 DRAFT Algorithm 2 Power allocation (PA) 1: For each subcarrier assignment Ω k , obtain {G k,(n) }.
2: Determine α k and β k for 2 ≤ k ≤ K.
3: Solve (29) and (30) to obtain {P T,k }.
Arrange {P T,k } in ascending order: P T,(1) ≤ P T,(2) ≤ · · · ≤ P T,(K) .
6:
Set k = 1.
7:
Set P sum = P T,(k) .
8:
while P sum < 0 do 9:
Update k ← k + 1.
10:
Update P sum ← P sum + P T,(k) .
11:
end while
12:
for i ∈ {1, 2, . . . , k} do Update
18:
Update V k .
19: end while 20: For each Ω k , compute p k,(n) from (16) and (17) .
power. Thus, subcarriers whose channel gains are below some threshold will not be use for transmission, similar to a water-filling scheme. This process is repeated until P T,k ≥ V k .
Reference [3] , [11] also proposed to linearize (19) but with different approach. Both work assume that the ratio between the number of subcarriers assigned to each user and its requested rate is fixed for all users,
This assumption does not often hold true and hence, may not be as practical as the low-SNR assumption. The resulting linear system appeared in [3] , [11] differs from (25), but has similar structure. When SNR is high, reference [3] , [11] made another approximation for (19), but still ended up with nonlinear equation.
III. MULTI-CELL SUBCARRIER ASSIGNMENT
For a multi-cell channel, FFR is applied as follows. users in a cell-centre region is less susceptible to intercell interference, the frequency reuse factor for the cell-centre group is set to 1 to enhance spectrum efficiency. The bandwidth range for cell-centre users is denoted by F1. However, the reuse factor for cell-edge users is set to be 3 with 3 different nonoverlapping frequency ranges denoted by F2, F3, and F4.
Group membership can be determined by a threshold based on the received signal strength or the distance between the user and the base station denoted by d u [12] . Assuming that the cell radius is R and the cell-centre radius is τ , users with distance d u ≤ τ away from the base station will be in a cell-centre group while users with distance d u > τ will be in a cell-edge group. Finding a proper threshold or radius of the cell centre, τ , is usually heuristic [13] .
Assuming that there are K users in each cell, we denote the number of cell-centre users and cell-edge users by K cc and K ce , respectively, and K cc + K ce = K. Let us denote the set of users in the cell-centre group by Ω cc and that in cell-edge group by Ω ce . For a network with uniformly distributed users, the optimal number of subcarriers allocated to the cell-centre group N cc and the cell-edge group N ce is proportional to a coverage area [14] and is given by
Assuming that chunk size is fixed at L, the number of chunks for cell-centre and cell-edge on the nth subcarrier as follows
where |H k,n,i | 2 is a squared channel gain from base station i and can be computed from channel impulse response similar to (1) and propagation path loss in decibel for interfering signal from base station i is given by [12] PL dB,i = 128.1 + 37.6 log 10 (R i )
where R i is the distance in kilometre from base station i to base station 1. The approximation discards path loss of the desired signal due to the distance from base station 1 to the user since that distance is much shorter than R i . We also assume uniform power allocation over all subcarriers since adaptive power allocation for all cells in the network is not practical due to required complex coordination among base stations. Moreover, references [15] and [16] suggest that improvement from adaptive power allocation is marginal over a wide range of SNR's when only subcarriers with high gain are selected. Similarly, the SINR of cell-edge user k in cell 1 on subcarrier n is approximated by
n + i∈{8,10,12, 14,16,18}
Given target BER, an effective sum rate per subcarrier in chunk m for user k can be computed by
where λ = −1.5/ ln(5BER) [12] , [17] and the sum rate for user k in either cell-centre or cell-edge areas over all chunks is given by
where indication functions for user k in chunk m in cell-centre and cell-edge area are denoted by ω cc,k,m and ω ce,k,m ∈ {0, 1}, respectively.
We would like to maximise the sum throughput for cell 1 while maintaining proportionalrate fairness among the users in the cell. Since the transmit power from all base stations is fixed, we assign chunk of subcarriers to users in cell 1 to maximise the throughput. The two groups of users may adhere to different proportional-rate fairness. The SA problem can be stated as follows
where Ω cc = {i 1 , i 2 , . . . , i Kcc }, Ω ce = {j 1 , j 2 , . . . , j Kce }, and γ i and β j are the requested rates for cell-centre user i and cell-edge user j, respectively.
The problem stated in (38) can be divided into two subproblems and each subproblem maximises the sum rate of users in each group. Thus, we can apply the proposed SA stated in Algorithm 1 in Section II-A to solve each subproblem. The complexity of this SA follows the discussion at the end of Section II and increases with the number of users in the cell considered.
IV. NUMERICAL RESULTS
In this section, the performance of the proposed SA and PA is shown and compared with existing schemes. Two main performance indices are the averaged minimum user's achievable
July 24, 2017 DRAFT rate and the average rate constraint deviation,D, which indicates how well the proposed scheme conform to the proportional-rate constraint.D is defined in [3] as
where the expectation is over channel realisation. For the optimal solution,D = 0.
Our proposed SA scheme can also be applied with chunk size equal to one (L = 1) and thus, can be compared with the SA scheme proposed by [3] . We assume 4 users in the single-cell system, which have the requested rates of γ 1 : γ 2 : γ 3 : γ 4 = 1 : 1 : 4 : 4, and experience Rayleigh fading channels with 4, 8, 16 and 32 taps, respectively. To compare with the performance of the optimal allocation, we normalise sum rate of all schemes with the optimal sum rate. For reasonable simulation time for the optimal solution, a system with the number of subcarriers N = 128 1 is considered. Fig. 3 shows a normalised minimum user's achievable rate with different SA and PA schemes. The proposed SA offers higher minimum achievable rate when compared with the scheme by Shen et al. [3] regardless of PA. As expected, in a low-SNR region (SNR < 0 dB), the rate is higher when proposed PA is used since the proposed PA scheme is derived from a low-SNR approximation. However, in higher SNR region (SNR ≥ 0 dB), the rate is higher when uniform PA is used instead. As seen from these results, the rates obtained can be larger than that of the optimum solution (the normalised rate larger than 1) since the solution of the proposed scheme might deviate from the rate constraint. However, we will see in the next figure that the average deviation is not large.
Besides the minimum rate, we also examine how well the rate-fairness constraint is adhered to. Fig. 4 shows the average rate-constraint deviation associated with the results in Fig. 3 .
In a low-SNR regime, the proposed PA has a relatively higher rate deviation since many subcarriers are assigned zero power. This leaves fewer subcarriers for transmission and hence,
proportional-rate constraint is harder to satisfy. For higher-SNR regime, rate deviation is lower for all schemes. We also note that uniform PA gives lower rate deviation, but with lower sum rate. Thus, for a single-subcarrier-based assignment, our proposed SA combined with uniform PA performs generally well with lesser complexity. It has been shown in [18] that, for users with the same target rates, the power consumed is minimal when the frequency reuse factor in the cell-edge area is 3. Therefore, for the multicell model, we assume a two-tier 19 cells with FRF-1 in the cell-centre area, and FRF-3 in the cell-edge area as shown in Fig. 2 . We assume a total of 8 users per cell, uniformly distributed within a cell with 1-km radius. The propagation channel between a base station and a user follows a 3GPP TR 25.814 macro-cell system [17] with the parameters listed in
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In multi-cell setting, an important performance measure is the throughput of cell-edge users. In this simulation, the threshold τ is set to 0.5R, and the average minimum throughput In all SA schemes, the throughputs are higher when FFR is used. The proposed SA is able
July 24, 2017 DRAFT to achieve the highest throughput for every chunk sizes. The difference in rate is pronounced when compared with static SA (the rate gain can be as large as 400%), but is not much when compared with the SA scheme modified from Shen et al.'s. As chunk size increases, the rate performance of the cell-edge users decreases. However, if chunk size is set to 4 or 8, the rate loss is not significant, but the complexity of SA can be reduced significantly. In Fig. 6 , average rate constraint deviation of cell-edge users is also plotted. As expected, the deviation increases as chunk size increases. From the results, static SA has the highest deviation since the subcarriers are not adaptively assigned. The proposed SA and modified Shen et al.'s SA
give much lower deviation and thus, fairer. 
V. CONCLUSIONS
In this work, we have proposed a chunk-based SA with PA and proportional-rate constraints for downlink OFDMA. Numerical results show that our proposed SA is able to obtain higher average minimum user's achievable rate than existing schemes for both single-subcarrierbased and chunk-based assignment. In low SNR regime, user rate is more sensitive to PA and is at its highest with the proposed PA. However, in high SNR regime, user rate is more sensitive to SA and the rate obtained from different PA's does not differ much as expected. With single-subcarrier-based assignment, uniform PA is sufficient to satisfy the rate constraints. However, with larger subcarrier chunks, proportional rates are more difficult to maintain with only SA. Thus, the proposed PA is required to reduce the effects of low-gain subcarriers within the chunk.
In a multi-cell scenario, a key parameter affecting system performance is the cell-centre radius. Determining the proper cell-centre radius is important, and must be done prior to SA. Results show that the proposed SA outperforms existing methods and that static SA has the worst performance among all SA's. In addition, implementing FFR does improve the cell-edge user performance; however, as chunk size grows larger, the performance gain will be less noticeable.
The proposed scheme relies on the channel information, which can be accurately estimated at the mobiles and fed back to the base station. If estimation or feedback errors are significant, the performance will suffer. Adaptive resource allocation considered in this work is appropriate when channel is not very dynamic. Otherwise, the system will need to re-compute SA and PA more often. Effect of estimation or feedback error or channel's fade rate on the performance can be analysed in future work.
